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In this paper we formulate a kind of new geometric measure of quantum correlations. This new
measure is in terms of the quantum Tsallis relative entropy and can be viewed as a one-parameter
extension quantum discordlike measure that satisfies all requirements of a good measure of quantum
correlations. It is of an elegant analytic expression and contains several existing good quantum
correlation measures as special cases.
I. INTRODUCTION
Quantum correlation[1][2] beyond entanglement [3] has
many important applications in the quantum information
theory [4], so finding physically meaningful and mathe-
matically rigorous quantifiers of the quantum correlations
are a long-standing central problem among the commu-
nity of quantum information science, and various useful
measures have been established so far [4][5][6][7][8]. Histo-
rically, the discordlike quantum correlation measures can
be categorized roughly into two different families, namely,
those based on quantum entropy theory, and those ba-
sed on various distance measures of quantum states (also
called the geometric quantum discord measures). For the
first category one can see [7] and [8] for a detailed over-
view. And the recent paper [9] provided an elegant review
of the second category of discordlike quantum correlation
measures.
It has been shown that there are quantum correlations
that may arise without entanglement, such as quantum
discord [10] and measurement-induced nonlocality [11].
For recent progresses and its applications one can see [7]
[8] .
Quantum coherence [12], on the other hand, is another
important resource in the quantum mechanics [13]. And
it turns out that there is an intimate relationship between
the quantum coherence and quantum correlations [9]. Re-
cently, the coherence measure based on quantum Tsallis
relative entropy [14] had been formulated and its mo-
dified version [15] is showed to be a bona fide coherence
quantifier. So it is naturally to ask whether there is or not
a similar correlation measure. In this paper, we study the
geometric measure of discordlike quantum correlations in
terms of quantum Tsallis relative entropy and formulate
a class of new definitions of quantum correlation measu-
re which satisfies all the requirements of a good quantum
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correlation measure. Furthermore, this kind of measures
enjoy an elegant analytic expression. Moreover, our new
measure can be viewed as a one-parameter extension of
von Neumann relative entropy quantum correlation mea-
sure and contains the geometric discord measures based
on Hellinger distance [5] and skew information [6] as spe-
cial cases.
II. TSALLIS RELATIVE ENTROPY
For the convenience of the readers, we simply review
some basic properties about Tsallis relative entropy. For
two probability distributions p and q on index set I, and
for 0 < α 6= 1, the Tsallis relative α entropy is defined as
[16][17]
Dα(p||q) =
1
α− 1

∑
j∈I
pαj q
1−α
j − 1

 .
For 0 < α 6= 1 and real ξ > 0 the α-logarithm is defined
as [16]:
logα(ξ) =
ξ1−α − 1
1− α
.
For α → 1, the α-logarithm reduces to the usual loga-
rithm. It is easy to see that logα(ξ) is strictly concave
and
Dα(p||q) = −
∑
j
pj logα(
qj
pj
) ≥ 0,
with equality if and only if pj = qj for all j ∈ I.
Now we consider the quantum case. Given a Hilbert
space H and two quantum density operators ρ and σ on
H, for α ∈ [ 1
2
, 1) ∪ (1, 2], the Tsallis relative entropy is
defined as [14]
Dα(ρ||σ) =
Tr(ρασ1−α)− 1
α− 1
. (1)
2When α → 1, Dα(ρ) reduces to the usual von Neumann
relative entropy S(ρ||σ) = Tr(ρ log ρ − ρ log σ). One can
see that the Tsallis relative entropy is nonnegative [14]:
Dα(ρ||σ) ≥ 0 with equality if and only if ρ = σ. Further-
more, the quantum Tsallis relative α entropy Dα(ρ||σ) is
monotone under TPCP maps for α ∈ (0, 1) ∪ (1, 2] [14].
That is,
Dα(Φ(ρ)||Φ(σ)) ≤ Dα(ρ||σ), (2)
for any TPCP map Φ.
At the meanwhile, Dα(ρ||σ) is jointly convex for α ∈
(0, 1)∪ (1, 2] [14], i.e., if {pj} is a probability distribution
and ρj and σj are quantum states, then
Dα

∑
j
pjρj ||
∑
j
pjσj

 ≤∑
j
pjDα(ρj ||σj). (3)
See [18] for an elegant proof of the jointly concavity and
monotonicity of quantum Tsallis relative entropy.
In [14], the author introduced a coherence measure ba-
sed on the quantum α divergence and obtained an ana-
lytic expressions as following.
For a fixed basis {|i〉} of H, I denotes the set of all
incoherence states which are diagonal in basis {|i〉}. The
coherence measure based on Tsallis relative entropy is
defined as [14]
Cα(ρ) =min
δ∈I
Dα(ρ||δ)
=
1
α− 1



∑
j
〈j|ρα|j〉
1
α


α
− 1

 .
(4)
Although this measure enjoys some good properties such
as elegant expression, the explicitly optimal incoherence
state, convexity and modified strong monotonicity under
incoherent operations, it violates the strong monotonicity
at some special examples. For this reason, Zhao and Yu
[15] formulated the following modified coherence measu-
re:
C˜α(ρ) =min
δ∈I
1
α− 1
(
[Tr(ραδ1−α)]
1
α − 1
)
=
1
α− 1

∑
j
〈j|ρα|j〉
1
α − 1

 , (5)
for α ∈ (0, 1) ∪ (1, 2]. This modified measure inherits
some good properties of (4) and does satisfy the strong
monotonicity. Moreover, the proof method provided in
[15] is very insightful and for our use we only recall one
of the observations in [15]:
Observation: If fα(ρ, σ) = Tr(ρ
ασ1−α), then fα(ρ, σ) ≥
1 for α ∈ (1, 2] and fα(ρ, σ) ≤ 1 for α ∈ (0, 1) with
equality if and only if ρ = σ.
The main result of this paper is to characterize the
quantum correlations in bipartite system in terms of the
above Tsallis type of relative entropy.
III. GEOMETRIC MEASURES OF QUANTUM
CORRELATIONS IN BIPARTITE SYSTEM
Given an Hilbert spaceHA⊗HB. Recall that for a con-
tractive distance D, the geometric measure of quantum
correlations induced by D is defined as
DG(ρ) = min
χ∈A
D(ρ, χ), (6)
where ρ is a bipartite state and A is the set of all
classical-quantum state and for any χ ∈ A is of the form
χ =
∑
j qj |j〉〈j| ⊗ σj in some basis {|j
A〉}.
Similarly for any bipartite state ρAB on HA ⊗HB we
define the geometric measure of quantum correlation for
α ∈ (0, 1) ∪ (1, 2] as
Qα(ρAB) = min
χ∈A
Dα(ρ||χ), (7)
where χ ranges over all classical-quantum state A. For a
fixed basis {|iA〉}, χ is of the form
χ =
∑
i
|i〉〈i| ⊗ Yi,
where Yi ≥ 0 are positive operators on HB and∑
i Tr(Yi) = 1. In the same way, ρ
α can be written as
ρα =
∑
i,j
|i〉〈j| ⊗Rij
where Rij are operators on HB which need not all to be
positive but Rii are exactly positive. Then
Tr(ραχ1−α) =
∑
i
Tr
(
RiiY
1−α
i
)
.
Set Xi = R
1/α
ii ≥ 0,
Dα(ρ||χ) =
1
α− 1
(∑
i
Tr(Xαi Y
1−α
i )− 1
)
,
by Ho¨lder’s inequality for matrix and its equality condi-
tion [19] and the observation in the previous section, for
0 < α < 1, we have
Dα ≥
1
α− 1
(
∑
i
Tr(Xi)
αTr(Yi)
1−α)− 1),
with equality if and only if Xi = kiYi for some ki ≥ 0.
Then if we set Tr(Xi) = ri and Tr(Yi) = si, we have
Dα(ρ||χ)
≥
1
α− 1
(∑
i
rαi s
1−α
i − 1
)
=NαDα
( ri
N
||si
)
+
Nα − 1
α− 1
≥
Nα − 1
α− 1
,
3where N =
∑
iTr(Xi) =
∑
i ri and the second inequality
is due to Dα
(
ri
N ||si
)
≥ 0 with equality if and only if
ri
N = si. The first inequality with equality if and only
if Xi = kiYi for some ki ≥ 0, which means that ri =
Nsi = kisi. This is equivalently to say that Dα(ρ||χ) =
Nα−1
α−1 if and only if Xi =
1
N Yi, thus we can conclude
that the minimum can be obtained if Yi =
1
NXi. Then
for Qα(ρAB), we obtain the analytic expression as
Qα(ρAB) = min
χ∈A
Dα(ρAB||χ) = min{|iA〉}
Nα − 1
α− 1
, (8)
where N =
∑
iTr(Xi) and Xi = 〈i|ρ
α|i〉1/α. Furthermo-
re, the optimal classical-quantum state χ is of the form
χ =
∑
i |i〉〈i| ⊗ Yi where Yi =
1
N 〈i|ρ
α|i〉1/α.
Note that the above derivation is only focus on 0 < α <
1, but for 1 < α < 2, by the reverse Ho¨lder’s inequality
and its equality condition and the observation in preli-
minaries, our conclusion preserves unchanged. Moreover,
if we set α = 1
2
, we obtained the correlation measure
based on the Hellinger distance, see [5] for more details.
Thus our work generalized the results in [5] α = 1
2
to
α ∈ (0, 1) ∪ (1, 2] case.
In the next we show that Qα(ρAB) satisfies some pro-
perties:
1. Qα(ρAB) ≥ 0 with Qα(ρ) = 0 if and only if ρ is a
classical-quantum state;
2. Qα(ρAB) = Qα(UA ⊗ UB ρAB U
†
A ⊗ U
†
B);
3. Qα(ρAB) ≥ Qα(ΦB(ρAB)) for local TPCP map ΦB
on system B.
For property 1, Qα(ρAB) ≥ 0 by definition. If ρAB is
a classical-quantum state, from the deduction of equality
(8) we can find an optimal state in A. On the other hand,
if Qα(ρAB) = 0, since Q = minχ∈ADα(ρAB), there exists
a state χ0 ∈ A such that Dα(ρAB||χ0) = 0. The Tsallis
relative entropy Dα(ρ||σ) = 0 if and only if ρ = σ for all
ρ and σ, we can conclude that Dα(ρAB||χ0) = 0 if and
only ρAB = χ0 ∈ A. Property 3 can be obtained from
the monotonicity of Dα(ρ||σ), so we only need to prove
property 2. Since
Dα(UA ⊗ UB ρAB U
†
A ⊗ U
†
B) = Dα(ρ||χ
′),
where χ′ = U †A ⊗ U
†
B χ UA ⊗ UB is also a classical-
quantum state in another local basis {|jA〉}. After the
minimization over all local basis {|iA〉}, the results fol-
lows.
Thus we formulate a new class of bona fide geometric
measures of quantum correlations in bipartite system ba-
sed on Tsallis relative entropy.
IV. CORRELATION MEASURES BASED ON
THE MODIFIED QUANTUM TSALLIS
RELATIVE ENTROPY
Inspired by the work in [15], in this section, we show
that the modified quantum Tsallis relative entropy can
also be used to quantify quantum correlations. Denote
f(ρ, σ) = Tr(ρασ1−α), a new coherence measure can be
defined as [15]
Cα(ρ) = min
δ∈I
f1/α(ρ, δ)− 1
α− 1
. (9)
Similarly, we can define a correlation measure as
Q˜α(ρAB) = min
χ∈A
f1/α(ρ, χ)− 1
α− 1
, (10)
by virtue of the same proof method in section III and
the fact of the monotonicity of function g(x) = xt for
any fixed t > 0, we have
Q˜α(ρAB) = min|iA〉
N − 1
α− 1
. (11)
Moreover, when α = 1
2
, our correlation measure is just
the correlation measure defined in [6] which is induced
by skew information, up to a factor 2. By the way, if
ρAB is a pure bipartite state ρAB = |ψAB〉〈ψAB | where
|ψAB〉 =
∑
j
√
λj |jA〉|jB〉 is its Schmidt decomposition,
by simple calculation,
Q˜α(|ψAB〉) =
∑
j λ
1/α
j − 1
α− 1
,
which is a measure of entanglement in terms of Tsallis
entropy [20], up to a constant factor.
V. SOME ILLUMINATED EXAMPLES
In this section, we present the analytic form of the
geometric measure for Werner state and isotropic state
in arbitrary dimensions.
Example 1. The d⊗ d Werner state is
ρW =
d− x
d3 − d
Id ⊗ Id +
dx− 3
d3 − d
V, x ∈ [−1, 1], (12)
with V =
∑
ij |ij〉〈ji| the swap operator. From the de-
scription previous, the key point is the calculation of
N =
∑
iTr〈i|ρ
α|i〉. In this case,
NW =
1 + x
d+ 1
+(d−1)
{
1
2
(
1 + x
d+ 1
)α
+
1
2
(
1− x
d− 1
)α}1/α
.
(13)
Qα(ρW ) = 0 when x =
1
d . Also if α =
1
2
, our result
coincides with [6][21].
Example 2. The d⊗ d isotropic state is
ρI =
1− x
d2 − 1
Id ⊗ Id +
d2x− 1
d2 − 1
|Φ〉〈Φ|, x ∈ [0, 1], (14)
where |Φ〉 = 1√
d
∑
k |kk〉. The key quantity N can be
obtained as
NI =
d(1− x)
d2 − 1
+
{
(m− 1)
(
1− x
d2 − 1
)α
+ xα
}1/α
. (15)
And when x = 1d2 , Qα(ρI) = 0.
4VI. QUANTUM COHERENCE MEASURE IN
LU¨DERS MEASUREMENT PICTURE
Recently, the coherence measures are generalized to
Lu¨ders measurement picture as a partial coherence quan-
tification [21] [22] [23] [24]. In this section we show that
the coherence measure in terms of quantum Tsallis rela-
tive entropy can be also generalized into this setting.
For a Hilbert space H and a fixed lu¨ders measurement
{Πj , j = 1, · · · ,m}, the incoherent states with respect to
this Lu¨ders measurement can be written as
IL = {δ |
∑
j
Πj δΠj = δ}. (16)
For any density operator ρ onH and any α ∈ (0, 1)∪(1, 2],
we define the partial coherence measure as
CL,α(ρ) = min
δ∈IL
Dα(ρ||δ). (17)
ρα can be written as
ρα =


R11 · · · R1m
...
...
...
Rm1 · · · Rmm

 ,
where the partition is in conformable with the Lu¨ders
measurement {Πj}, and Rii are positive. Similarly, for
any δ ∈ IL,
δ =


Y1 0 · · · 0
0 Y2 · · · 0
...
...
...
...
0 0 · · · Ym

 .
Set Xi = R
1/α
ii , and by similar calculation in previous
section, we have
CL,α(ρ) =
Nα − 1
α− 1
, (18)
where N =
∑
j Tr{(Πjρ
αΠj)
1
α }.
Note that recently Rastegin [25] had calculated the
same quantity as ours, but we think our results is more
precise, since we consider the general incoherent state,
or equivalently, the block diagonal states with respect to
the given Lu¨ders measurement.
Furthermore, for α ∈ (0, 1) ∪ (1, 2], if we define
C˜L,α(ρ) = min
δ∈IL
D˜α(ρ||δ), (19)
we can obtain the analytic expression:
C˜L,α(ρ) =
N − 1
α− 1
, (20)
where N =
∑
j Tr{(Πjρ
αΠj)
1
α }. And the optimal inco-
herent state is
δ∗L =
1
N
∑
j
(Πjρ
αΠj)
1/α
.
What is more, if we set α = 1
2
, we reproduce the
quantum uncertainty measure formulated in [22], up to
a factor 2.
VII. CONCLUDING REMARKS
In this paper we formulated a class of new quantum
correlation measures which based on quantum Tsallis re-
lative entropy and its modified version, which has be-
en shown not only enjoy elegant analytic expressions,
but also contains many novel known quantum correla-
tion measures as special cases. It is also can be viewed
as an one-parameter extension of the von Neumann rela-
tive entropy correlation measure. The future work is to
find some applications and operational interpretations in
quantum information processing tasks.
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